The combinatorial tool of generating functions for restricted partitions is used to generalize a quantum physics theorem relating distinct multiplets of different angular momenta in the composite Fermion model of the fractional quantum Hall effect. Specifically, if g (N, M) denotes the number of distinct multiplets of angular momentum and total angular momentum M, we prove that
Introduction
Combinatorial mathematics is not frequently associated with quantum physics. However, work in one discipline can motivate investigations in the other and vice versa. A recent conjecture [10] regarding allowed multiplets in the composite Fermion model [5, 7, 9] led to a proof of the unimodality of restricted partitions with duplicate or consecutive parts [2] . This, in turn, allowed the original physics conjecture to be verified. In this note, we exploit the mathematical tools utilized in [2] to further generalize the quantum physics theorem.
In the fractional quantum Hall effect, N electrons are confined to a two-dimensional surface in the presence of a large perpendicular magnetic field [6, 14] . For numerical studies it is mathematically convenient to use a spherical surface and a radial magnetic field. Then the single particle eigenstates form highly degenerate levels belonging to shells of a given angular momentum. Because electrons are Fermions, for a shell of angular momentum , each electron takes on a different value of m, the projection of onto a given direction. The allowed values of m belong to the set M = {− , − + 1, . . . , }, and for the case of interest the number 2 is an integer. We represent such a system by m = (m 1 , m 2 , . . . , m N ), where
We let f (N, M) count the number of M-states using N Fermions of angular momentum . In an N-Fermion system where each particle has angular momentum , the number of distinct multiplets of
In [2] it was shown that the number of distinct multiplets of total angular momentum L (called allowed L-multiplets) for an N-Fermion system of angular momentum was greater than or equal to the number of allowed L-multiplets for an N-Fermion system of angular momentum − N + 1. In other words,
In this note we further generalize inequality (2) by proving
where the sum is taken over all positive divisors of N and
To illustrate this inequality let us look at a small example. For a given and N, we define the
, the coefficient of q M represents the number of allowed M-multiplets for N particles of angular momentum . When = 4 and N = 4, we expect to see that
To demonstrate this is the case for all values of M, we check that the generating function G 4 (4) is term by term greater than or equal to G 10 (1) + G 7/2 (2) + G 1 (4). Table 1 
displays the relevant values for G (N ).
We see that inequality (3) indeed holds true for this example. From Table 1 it is obvious that g 4 (4, M)q M g 10 
Notice when k = 1, the corresponding summand gives the set of low angular moment multiplets from inequality (2) . When k = N , the summand gives the single highest angular momentum multiplet. Intermediate divisors give L-multiplets between these two. We hope 
The coefficients of the Gaussian polynomial are unimodal and symmetric about ab/2. A direct combinatorial proof of this fact was not presented until 1990 by O'Hara [8] . Her results were distilled by Zeilberger [17, 18] into the primary tool used in this note, the KOH Theorem, stated here using the formulation from Bressoud [3] .
Theorem 1 (KOH)
.
where y b+1 = 0, Y 0 = 0, and
The beauty of KOH is that each summand is a symmetric function unimodal at ab/2. Summing all these functions preserves the symmetry and unimodality. The proof of inequality (2) required the unimodality of restricted integer partitions with repeated or consecutive parts. The generating function for such partitions is represented as the difference of the two Gaussian polynomials
Both are symmetric and unimodal about ab/2. Unfortunately, subtraction need not preserve unimodality. Here is where KOH was so critical. The summand created by the partition
Subtracting this term from both sides of KOH shows how to express (4) as the sum of symmetric and unimodal functions as desired.
To expand on this idea, we could subtract any term from the right-hand side of KOH to obtain a symmetric and unimodal generating function. But what would it represent? And what, if any, would be the implications for quantum physics?
We shall investigate partitions for which the associated right-hand term in KOH contains only one nontrivial Gaussian polynomial factor-namely partitions where all parts have the same size. Let us begin by assuming b is even and consider the partition y
The next theorem relates these partitions to the partitions in P a (b, c). R a (b, c) .
the set of partitions of c with at most b parts, each part less than or equal to a, such that for
through a series of bijections. We create a partition with b/2 parts as follows:
We now have a partition of c with at most b/2 parts, no part exceeding 2a, and consecutive parts differing by at least 4. The ith part differs from the last part by at least 4(b/2 − i). We subtract this difference from each term to create a standard restricted partition, 
Implications for quantum physics
Theorem 2 can be used to find the relationship between allowed multiplets of an N-Fermion system and allowed multiplets of an N/2-Fermion system. Let F (N, M) be the set of all possible M-states in an N-Fermion system of angular momentum . From [2] we have the definition of the generating function for partitions in F (N, M):
Theorem 3. The number of allowed M-multiplets for an N-Fermion system of angular momentum is greater than or equal to the number of allowed M-multiplets for an N/2-Fermion system of angular momentum 2 − 7N/4 + 5/2. In other words, for all M,
Proof. It suffices to show for , N > 0 and M 0 that
The latter is true if for constant N and , the generating function S( , N; q)= (f (N, M)− f 2 −7N/4+5/2 (N/2, M))q M is unimodal and symmetric about
Let a = 2 − N + 1 and b = N . Then the term in parentheses above becomes
The partition
to the right-hand side of Theorem 1. Subtracting this term from both sides of KOH shows how to rewrite expression (6) as the sum of unimodal functions symmetric about ab/2. Therefore S( , N ; q) is unimodal and symmetric about 0.
Further generalizations
So far we have explored only the KOH terms generated by the partitions (b, 0, 0 Then the polynomial
is the generating function for all partitions in S a (b, c) .
through a series of bijections. We create a new partition with b/k parts as follows: z 2 , z 3 , . . . , z k , z k+1 , . . . , z 2k , z 2k+1 , . . . , z b−1 , z b ) (
We now have a partition of c with at most b/k parts, no part exceeding ka, and consecutive parts differing by at least 2k. The ith part differs from the last part by at least 2k(b/k − i).
We subtract this difference from each term to create a standard restricted partition.
The original partition of c is now a partition of c −
There are at most b/k parts, and no part exceeds k(a + 2) − 2b. This is a partition in
. Each step of the mapping is reversible. Specifically, the x i component of ( 
where
Proof. Again it suffices to show for , N > 0 and M 0 that
or equivalently,
The latter is true if for constant N and , the generating function
Substituting a = 2 − N + 1 and b = N into T ( , N ; q), the term in parentheses becomes
The
to the right-hand side of Theorem 1. Subtracting this term from both sides of KOH for each positive factor k of N shows how to rewrite expression (8) as the sum of unimodal functions symmetric about ab/2. Therefore T ( , N; q) is unimodal and symmetric about 0.
Results for Bosons
An N-Fermion system of angular momentum is equivalent to an N-Boson system of angular momentum − 
Conclusion
The results presented here were investigated as a question of Fermions. But it is clear that the relationship of allowed multiplets is much more beautiful when stated for Bosons. It appears that these results are useful in determining relationships of allowed angular momentums for paired composite Fermions [15] or clustered systems [13, 16] and hopefully may illuminate interactions of elementary particles in other nuclear shell models.
